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Abstract
The main purpose of this paper is to show how to obtain rigidity theorems with the
help of curvature invariants in submanifolds of a semi-Riemannian manifold. For this
purpose, the bounded sectional curvature is introduced and some special
submanifolds of r-lightlike submanifolds of a semi-Riemannian manifold are
investigated.
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1 Introduction
In , Kulkarni [] proved that the sectional curvature of a semi-Riemannian manifold
M is unbounded from above and below at each point unless the manifold has constant
sectional curvature. Later, Nomizu [] showed that if there exists a real number d such
that at any point p ∈M, the sectional curvature K() of a -plane section  satisﬁes
K()≤ d, ()
thenM is of constant sectional curvature.
In [], Dajczer and Nomizu, and in [], Harris remarked that if the absolute value of
the sectional curvature |K()| is bounded for all timelike -planes  (or for all spacelike
-planes ) at p ∈M, thenM is of constant sectional curvature.
In Riemannian geometry, there are various relations between the intrinsic and extrinsic
curvature invariants of a submanifold, known as Chen inequalities, in the literature [–
]. But diﬀerent from the Riemannian context, from the Kulkarni result, it is too restric-
tive to relate the intrinsic invariant of a submanifold with the extrinsic ones for a submani-
fold of a semi-Riemannian manifold. This reveals the necessity to re-investigate or modify
the domain of sectional curvature map in semi-Riemannian geometry and lightlike ge-
ometry. For this purpose, the authors showed in [, ] that the domain of the sectional
curvature map in a Lorentzian manifold is not a linear subspace as it was used in the liter-
ature but it is a polynomial subspace of a projective vector space which makes it possible
for the sectional curvature map on any Lorentzian manifold to be bounded. This is revo-
lutionary information which might lead one to require a revision for many studies related
to the sectional curvature map in semi-Riemannian geometry and lightlike geometry.
© 2016 Kılıç and Gülbahar. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
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In this paper, we extend this modiﬁed sectional curvature from Lorentzian manifolds
to semi-Riemannian manifolds under the name of ’bounded sectional curvature’. We in-
troduce some special r-lightlike submanifolds and establish some relationships involv-
ing intrinsic curvatures and extrinsic curvatures for r-lightlike submanifolds of a semi-
Riemannian manifold.
2 Preliminaries
Let (˜M, g˜) be a real (m˜ + n˜)-dimensional semi-Riemannian manifold, where n˜ ≥ , m˜ > 
with g˜ a semi-Riemannian metric on ˜M of constant index q˜ ∈ {, . . . , m˜ + n˜ – }. Suppose
(M, g) to be an n˜-dimensional lightlike submanifold of (˜M, g˜) where g denotes the restric-
tion of g˜ to M which we assume be degenerate. Then there exists a smooth distribution,
called radical space of the tangent space TpM at p ∈M, deﬁned by




vp ∈ Tp˜M : g˜p(vp,wp) = ,∀wp ∈ TpM
}
. ()
Let us consider the rank of RadTpM to be r (r > ), n˜ = n+ r (n≥ ), and m˜ = n+m+ r
(m≥ ). Then there exist the following four possible cases:
Case . M is called a r-lightlike submanifold if ≤ r < min{n + r,m + r}.
Case . M is called a coisotropic submanifold if m = .
Case . M is called a isotropic submanifold if n = .
Case . M is called a totally lightlike submanifold if m = n = .
Let (M, g) be an (n + r)-dimensional lightlike submanifold of (˜M, g˜). Let S(TM) and
S(TM⊥) be a complementary non-degenerate vector bundle of RadTM in TM and TM⊥,
respectively, tr(TM) be a complementary vector bundle to TM in T˜M|M . Then we have
T˜M|M =
(





where ⊕orth denotes the orthogonal direct sum and⊕ denotes the direct sum, but it is not
orthogonal.
For any r-lightlike submanifold, there exists a local quasi-orthonormal frame ﬁeld
{ξ, . . . , ξr , e, . . . , en,N, . . . ,Nr ,u, . . . ,um} on a local coordinate neighborhood of U of M
such that this basis satisﬁes the following relation:
g˜(Ni, ξj) = δij, g˜(Ni,Nj) = g˜(Ni,uj) = g˜(ξi,uj) = , ∀i, j ∈ {, . . . , r}, ()
where δij is the Kronecker delta function and
















= Span{u, . . . ,um}.
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Let ˜∇ be the Levi-Civita connection of ˜M and P be the projection morphism of (TM)









Dα(X,Y )uα , ()




























for any X,Y ∈ (TM), where ∇ and ∇∗ are the induced linear connection on TM and
S(TM), respectively; Bl and Dα are coeﬃcients of the lightlike second fundamental form
and coeﬃcients of the screen second fundamental form of TM, respectively, Cl are the
coeﬃcients of the local second fundamental form on S(TM), ANl , Auα are the shape oper-
ators onM, A∗ξk is the shape operator on S(TM) and εl , εα , ρl , ρα are -forms onM [].
















respectively. The submanifold (M, g,S(TM)) is called totally geodesic if
h(X,Y ) =  ()
for allX,Y ∈ (TM) and it is called totally umbilical [] if there exists a smooth transver-
sal vector ﬁeld H ∈ (tr(TM)) such that
h(X,Y ) = g˜(X,Y )H ()
for all X,Y ∈ (TM).
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where εi = g(ei, ei), εα = g(eα , eα) for any i ∈ {, . . . ,n} and α ∈ {, . . . ,m}. The mean cur-
vature vectors on TM and on (S(TM)) at p ∈ M, denoted by H(p) and H∗(p), are given
by

































respectively. From equation (), we can see that the submanifold is minimal if and only if
H(p) vanishes identically and Dα =  on Rad(TM) [, ].
Let us denote curvature tensors of the ambient manifold and the submanifold by˜R and



























Dα(X,PZ)Dα(Y ,PW ) –Dα(Y ,PZ)Dα(X,PW )
]
()
for all X,Y ,Z,U ∈ (TM) [].
Let  = Span{X,Y } be a -dimensional non-degenerate plane in TpM. Then the sec-
tional curvature at p is expressed by
K() = g(Rp(X,Y )Y ,X)gp(X,X)gp(Y ,Y ) – gp(X,Y )
. ()
We note that since Cl is not symmetric, the sectional curvature map does not need to
be symmetric on any lightlike submanifold of a semi-Riemannian manifold [].
Now, we recall the following result [].
Theorem  Let (M, g,S(TM)) be an r-lightlike submanifold of a semi-Riemannian mani-
fold (˜M, g˜). Then the following assertions are equivalent:
(i) S(TM) is integrable.
(ii) h∗ is symmetric on (S(TM)).
(iii) AN is self-adjoint on (S(TM)) with respect to g .
As a consequence of Theorem , we obtain the following theorem.
Theorem  Let (M, g,S(TM)) be an r-lightlike submanifold of a semi-Riemannian mani-
fold (˜M, g˜). The sectional curvature map is symmetric if and only if S(TM) is integrable.
3 Bounded sectional curvature
We start by taking into consideration a quotient space given by
S(TM)⊕orth S(TM)/SL(,R), ()
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where SL(,R) denotes the special linear transformation. For any given two vector pairs
(X,Y ) and (A,B) in this space, (X,Y ) ∼ (A,B) if A = aX + bY and B = cX + dY with
ad – bc = . It is clear that the ∼ relation is an equivalence relation. Furthermore, for this
relation in this space, we can write (X,Y ) ∼ (A,B) if and only if A ∧ B = X ∧ Y , where ∧
is the wedge product. Since X ∧ Y is an element of the vector space of anti-symmetric
contravariant two tensors ∧S(TM) which is also known as the second exterior power of
S(TM) [], any element of S(TM)⊕orth S(TM)/SL(,R) can be considered as an element
of ∧S(TM) satisfying
 ∧  =  ()
for all  ∈ ∧S(TM). We note that equation () holds because of the property of anti-
symmetry of the wedge product. Thus, we have
(
S(TM)∧ S(TM))/SL(,R)∼= { ∈ ∧S(TM) : ∧  = }. ()
Now, we consider the space of planes in S(TM). It is well known that any vector pair
spanned a plane section in S(TM) are related by a general linear groupGL(,R). Therefore,




) ≡ (S(TM)⊕orth S(TM)
)
/GL(,R). ()
Since the Grassmanian can be embedded into the real projective space P(∧S(TM)) but
is not embedded into the space ∧S(TM) (this embedding is also known as the Plücker







 = X ∧ Y ∈ P(∧S(TM)) : ∧  = }. ()




) ∩ { = X ∧ Y :G(,) = } →R, ()
where
G(,) = g(X,X)g(Y ,Y ) – g(X,Y ). ()
In the case of S(TM) is Riemannian, then G(,) =  for all  ∈ P(∧S(TM)) and





As a consequence of the above information, we give the following deﬁnition.
Deﬁnition  Let (M, g,S(TM)) be an (n + r)-dimensional r-lightlike submanifold of an




) ∩ { :G(,) = } →R, ()
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which is deﬁned by
K() = R(,)G(,) , ()
is called bounded sectional curvature map.
Proposition  Let (M, g) be an (n + r)-dimensional r-lightlike submanifold of an m˜-di-
mensional semi-Riemannian manifold (˜M, g˜) and S(TM) be integrable. Then the bounded
sectional curvature map is well deﬁned, bounded, and independent of the choice of basis
on .
Proof Let {ea ∧ ea : a < a} be a basis ∧S(TM). Suppose that  = ea ∧ ea = ea′ ∧ ea′ .
Then one can write
ea′ = aea + bea ,
ea′ = cea + dea ,
with ad – bc = . Here, it is clear that the area obeys
G(ea′ ∧ ea′ , ea′ ∧ ea′ ) = (ad – bc)G(ea ∧ ea , ea ∧ ea ).
Since S(TM) is integrable and R is symmetric, we have
R(ea′ , ea′ , ea′ , ea′ ) = (ad – bc)
R(ea , ea , ea , ea ),
which implies that K() is independent of the choice of basis on , it is well deﬁned and
both bounded from above or bounded from below. 
4 Special lightlike submanifolds
We begin this section with the following deﬁnition of [, ].
Deﬁnition  Let (˜M, g) be an m˜-dimensional semi-Riemannian manifold of index q˜.
A distribution on ˜M is called maximally timelike if it is timelike and has rank q˜. A dis-
tribution on ˜M is calledmaximally spacelike if it is spacelike and has rank (m˜ – q˜).
Now, we recall the following theorem and proposition of Baum in [].
Theorem (Existence ofmaximally timelike-spacelike distributions) Let (˜M, g˜) be a semi-
Riemannianmanifold.Then there is a g˜-orthogonal decomposition such that T˜M = ˜V⊕orth
˜H, where ˜V is a maximally timelike and ˜H is a maximally spacelike distribution on ˜M.
Proposition  (Maximally timelike-spacelike distributions are isomorphic) Let (˜M, g˜) be
a semi-Riemannian manifold. Every maximally timelike (or spacelike) distributions on ˜M
are isomorphic as smooth vector bundles over ˜M.
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Let (M, g,S(TM)) be an (n + r)-dimensional r-lightlike submanifold and S(TM) be an
integrable distribution of index q. Consider {e, . . . , eq, eq+, . . . , en} to be an orthonormal
basis of S(TM). Then there exists a g-orthogonal decomposition given by
S(TM) = V ⊕orth H, ()
whereV = Span{e, . . . , eq} is themaximally timelike distribution andH = Span{eq+, . . . , en}
is the maximally spacelike distribution.
The aforementioned concepts can be constructed on the coscreen distribution S(TM⊥).
Let ˜V be a maximally timelike and ˜V be a maximally spacelike distributions on S(TM⊥).





= ˜V ⊕orth ˜H, ()
where ˜V = Span{e˜, . . . , e˜q˜}, ˜H = Span{e˜q˜+, . . . , e˜m}.





Bl(X,Y )Nl + h˜V (X,Y ) + h ˜H(X,Y ), ()
where









for all X,Y ∈ TM.
Now, we shall state some special r-lightlike submanifolds deﬁnitions.
Deﬁnition  Let (M, g,S(TM)) be an r-lightlike submanifold of a semi-Riemannian man-
ifold (˜M, g˜) of index (q + q˜) and S(TM) be an integrable distribution of index q. The sub-
manifold will be called:
. Timelike V-geodesic if hs|˜VV×V = , i.e., Dα(X,Y ) =  for all X,Y ∈ V and
α ∈ {, . . . , q˜}.
. TimelikeH-geodesic if hs|˜VH×H = , i.e., Dα(X,Y ) =  for all X,Y ∈H and
α ∈ {, . . . , q˜}.
. Timelike mixed geodesic if hs|˜VV×H = , i.e., Dα(X,Y ) =  for all X ∈ V , Y ∈H and
α ∈ {, . . . , q˜}.
. Timelike geodesic if h˜V = , i.e., Dα(X,Y ) =  for all X,Y ∈ TM and α ∈ {, . . . , q˜}.
. Timelike screen geodesic if h∗|V = , i.e., Cl(X,Y ) =  for all X,Y ∈ V and
l ∈ {, . . . , r}.
. Spacelike V-geodesic if hs| ˜HV×V = , i.e., Dα(X,Y ) =  for all X,Y ∈ V and
α ∈ {q˜ + , . . . ,m}.
. SpacelikeH-geodesic if hs| ˜HH×H = , i.e., Dα(X,Y ) =  for all X,Y ∈H and
α ∈ {q˜ + , . . . ,m}.
. Spacelike mixed geodesic if hs| ˜HV×H = , i.e., Dα(X,Y ) =  for all X ∈ V , Y ∈H, and
α ∈ {q˜ + , . . . ,m}.
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. Spacelike geodesic if h ˜H = , i.e., Dα(X,Y ) =  for all X,Y ∈ TM and
α ∈ {q˜ + , . . . ,m}.
. Spacelike screen geodesic if h∗|H = , i.e., Cl(X,Y ) =  for all X,Y ∈H and
l ∈ {, . . . , r}.
. Mixed geodesic if hs|V×H = , i.e., Dα(X,Y ) =  for all X ∈ V , Y ∈H and
α ∈ {, . . . ,m}.
. Mixed screen geodesic if h∗|V×H = , i.e., Cl(X,Y ) =  for all X,Y ∈ TM and
l ∈ {, . . . , r}.
We also note that the submanifold is:
. timelike geodesic if and only if hs|˜VV×V = hs|˜VH×H = hs|˜VV×H = ,
. spacelike geodesic if and only if hs| ˜HV×V = hs| ˜HH×H = hs| ˜HV×H = ,
. mixed geodesic if and only if hs|˜VV×H = hs| ˜HV×H = .
In view of Deﬁnition , we give the following proposition.
Proposition Let (M, g,S(TM)) be an r-lightlike submanifold of a semi-Riemannianman-
ifold (˜M, g˜) of index (q + q˜) and S(TM) be an integrable distribution of index q. Then the
following statements are true:
(a) The submanifold is timelike V-geodesic and timelikeH-geodesic, then the mean
curvature vector on (S(TM)) is spacelike.
(b) The submanifold is spacelike V-geodesic and spacelikeH-geodesic, then the mean
curvature vector on (S(TM)) is timelike.
Example  Let us consider the submanifold M of the semi-Euclidean space R with the
















































































It is easy to see that e, e, e are timelike unit vectors, e, e, e are spacelike unit vec-
tors and M is a -lightlike submanifold with screen distribution S(TM) = Span{e, e, e},
Rad(TM) = Span{ξ}, ltr(TM) = Span{N}, and S(TM⊥) = Span{e, e, e}.
Here, we have also
S(TM) = V ⊕orth H,
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= ˜V ⊕orth ˜H,
where ˜V = Span{e} and ˜H = Span{e, e}. By a straightforward computation, we have B =
C =  and
D = , D =D = ,
D =D =D =D =D =D = ,
D = , D =D =D =D =D = ,




























which shows that the submanifold is not timelike V-geodesic and spacelike V-geodesic
but it is timelikeH-geodesic, spacelikeH-geodesic, and mixed geodesic.
Similarly, examples for the other cases can be given.
5 Some relations for r-lightlike submanifolds
We begin this section with the following deﬁnition.
Deﬁnition  Let (M, g,S(TM)) be an (n + r)-dimensional r-lightlike submanifold of a
semi-Riemannian manifold and S(TM) be an integrable distribution of index q. The
bounded screen Ricci tensor, denoted by RicS(TM), is deﬁned by
RicS(TM)(X,Y ) = tr
{
Z → R(X,Z)Y} ()
for any X,Y ∈ (S(TM)).
Suppose {e, . . . , en} be an orthonormal basis of (S(TM)).The bounded screen Ricci cur-











(a) If n = , then the bounded screen Ricci curvature vanishes identically.
(b) If n = , then the bounded screen Ricci curvature becomes the bounded sectional
curvature.
Remark  We note that the screen Ricci curvature is bounded when the screen distri-
bution of a lightlike submanifold is Riemannian. This map was ﬁrst of all introduced by
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Duggal in [] and named by the authors in [, ] in the case of a lightlike hypersurface
of a Lorentzian manifold in which we know that S(TM) is Riemannian.
Theorem  Let (M, g,S(TM)) be an (r +)-dimensional r-lightlike submanifold of a semi-
Riemannian manifold and S(TM) be an integrable distribution. The bounded screen Ricci
curvature is constant at every unit vector on (S(TM)) if and only if the bounded sectional
curvature is constant.
Proof Let {e, e, e} be an orthonormal basis of (S(TM)). If RicS(TM) is constant, then we
can write
RicS(TM)(e) = K +K = λ,
RicS(TM)(e) = K +K = λ,
RicS(TM)(e) = K +K = λ,





RicS(TM)(e) + RicS(TM)(e) – RicS(TM)(e)
]
= λ,
which shows that K is constant. The converse part of this theorem is straightforward.

Taking the trace in () with respect to S(TM) and putting () in it, we have the follow-
ing result.
Lemma  Let (M, g,S(TM)) be an (n + r)-dimensional r-lightlike submanifold of an m˜-di-
mensional semi-Riemannian manifold of index (q + q˜) and S(TM) be an integrable dis-
tribution. Suppose {e, . . . , en} is an orthonormal basis of (S(TM)). For any unit vector
X ∈ (S(TM)), we have
































εαDα(X, ej)Dα(ej,X) –Dα(ej, ej)Dα(X,X)
]]
. ()
Here, ˜RicS(TM) is the Ricci curvature of n-plane section (screen distribution) of ˜M given
in [].
Kılıç and Gülbahar Journal of Inequalities and Applications  (2016) 2016:57 Page 11 of 16
Theorem  Let (M, g,S(TM)) be an (n + r)-dimensional minimal r-lightlike submanifold
of an m˜-dimensional semi-Riemannian space form ˜M(c) and S(TM) be an integrable dis-
tribution. For any spacelike unit vector X ∈ (S(TM)), we have:
(a)






























































(b) The equality cases of both the inequalities () and () are true simultaneously for
all spacelike vector X ∈ (S(TM)) if and only if D vanishes on S(TM).




















εαDα(ej, ej)Dα(ei, ei) –Dα(ei, ej)Dα(ej, ei)
]
+ (n – )c. ()
SinceM is minimal we obtain








































Taking into consideration (), we have both the inequalities () and ().
(b) The equality cases of both () and () inequalities are true simultaneously for all
















∣ = , ()
which implies that D vanishes on S(TM). 
With similar arguments as in the proof of Theorem , we obtain the following theorem.
Theorem  Let (M, g,S(TM)) be an (n + r)-dimensional minimal r-lightlike submanifold
of an m˜-dimensional semi-Riemannian space form ˜M(c) and S(TM) be an integrable dis-
tribution. For any timelike unit vector Y ∈ (S(TM)), we have:
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(a)





























































where V = Span{Y }.
(b) The equality cases of both the inequalities () and () are true simultaneously for
all timelike vector X ∈ (S(TM)) if and only if D vanishes on S(TM).
Now, we give the following deﬁnition.
Deﬁnition  Let (M, g,S(TM)) be an (n + r)-dimensional r-lightlike submanifold of
semi-Riemannian manifold and S(TM) be an integrable distribution of index q. Suppose
{e, . . . , en} is an orthonormal basis of (S(TM)). The bounded screen scalar curvature at a








With similar arguments to the proof of Theorem . in [], we have the following
proposition immediately.
Proposition  Let (M, g,S(TM)) be a (n + r)-dimensional r-lightlike submanifold and
S(TM) be an integrable distribution. Then the bounded screen Ricci curvature is constant






where πn is an n-dimensional non-degenerate sub-plane section of (S(TM)) and π⊥n is
complementary vector bundle of πn in (S(TM)).
Taking the trace in equation (), we have the following result.
Lemma  Let (M, g,S(TM)) be an (n+ r)-dimensional r-lightlike submanifold and S(TM)
be an integrable distribution. Then we have
















































































Here, r˜S(TM)(ei) is the scalar curvature of n-plane section (screen distribution) of ˜M given
in [].
Theorem  Let (M, g,S(TM)) be an (n+ r)-dimensional r-lightlike submanifold of a semi-
Riemannian space form ˜M(c) and S(TM) be an integrable distribution. Then we have:
(a)
























































The equality case of () is true for all p ∈M if and only ifM is spacelike V-geodesic,
spacelikeH-geodesic and timelike mixed geodesic.
(b)
























































The equality case of () is true for all p ∈M if and only ifM is timelike V-geodesic,
timelikeH-geodesic and spacelike mixed geodesic.
Now, we recall a class of r-lightlike submanifolds of a semi-Riemannian manifold of an
arbitrary signature which admits an integrable unique screen distribution as follows.
Deﬁnition  [] An r-lightlike submanifold is called a screen locally conformal if
C
(X,Y ) = ϕ
B
(X,Y ), ∀X,Y ∈ (TM|U ),
 ∈ {, . . . , r}, ()
where each ϕ
 is a conformal smooth function on a neighborhood U in M. If each ϕ
 is a
non-zero constant, then the submanifold is called screen homothetic.













with equality if and only if a = · · · = an.
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Theorem  Let (M, g,S(TM)) be an (n + r)-dimensional screen conformal (ϕ
 > )
r-lightlike submanifold of an m˜-dimensional semi-Riemannian space form ˜M(c), S(TM)
be an integrable distribution of index q and S(TM⊥) be Riemannian. Then we have










(traceAuα ) – qμ |V













The equality case of () is true for all p ∈M if and only if h
(X,X) = h
(Y ,Y ) and hs(X,Y ) =
 for all two timelike or spacelike vectors X,Y ∈ (S(TM)).
Proof Let {e, . . . , en} be an orthonormal basis of (S(TM)). If S(TM⊥) is a Riemannian
distribution, then we have ˜V = . From equation (), it follows that
h∗(X,Y ) = ϕ
h
(X,Y ), ∀X,Y ∈ (TM). ()



































μ|V = – q
(
B(e, e) + · · · + B(eq, eq)
)
and
μ|H = n – q
(
B(eq+, eq+) + · · · + B(en, en)
)
.
If we put (), (), and () in (), we obtain the inequality ().
Assuming the equality case of (), in view of Lemma  in () and (), for each 
 ∈
{, . . . , r}, we have
B
(e, e) = · · · = B
(eq, eq),B
(eq+, eq+) = · · · = B
(en, en),
and for each i, j ∈ {, . . . ,q}, a,b ∈ {q + , . . . ,n}, α ∈ {, . . . ,m}, we have
D
(ei, ej) =D
(ea, eb) = .
This completes the proof of the theorem. 
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